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ABSTRACT

Two multi-variable Rankin-Selberg integrals are studied. They may be
regarded as extending the theory begun in [G-H1]. Each is shown to
be Eulerian with the unramified contribution given explicitly in terms of
partial Langlands L-functions.

1. Introduction

In this paper we consider two Rankin—Selberg integrals which were discovered
by David Ginzburg, and announced in [G-H1]. These integrals are defined on
a split form of GSOa, (see below for precise definition), and involve a generic
cuspidal automorphic representation of this group. We content ourselves with
showing that both integrals unfold to Eulerian integrals involving Whittaker
functions, and computing the contributions from the unramified places. In each
case we get a product of two partial Langlands L functions, at least one of which
is a “Spin” L-function.

Recall that a Langlands L function requires two pieces of data. The first
is an automorphic representation 7w defined on some group G, from which we
obtain a family, indexed by all but finitely many places of our global field, of
semisimple conjugacy classes in a certain complex Lie group “G. The second
is a finite dimensional representation r of that complex Lie group. Recall also
that the special orthogonal group SO,, is not simply connected, but possesses a
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simply connected double cover, known as the spin group. This group possesses
two fundamental representations, usually called the half-spin representations,
which do not factor through the projection. By a Spin L function, we mean
a Langlands L function in which the role of r is played by either of these two
representations.

In this paper we consider an integral on GSOy and a similar one on GSO15.
In both cases we unfold the integral and compute the contribution from the
unramified places (being Archimedean is treated as a form of ramification),
obtaining a product of partial Langlands L functions. These are: in the GSO1g
case

L5(3s1 — 29,7, Spin~ )L (351 + 255 — 2, m, Spin™)
and in the GSO1, case
L%(5sy — 2,m ® X2, St) L% (4s1 — 3/2, 7 ® X1, Spin).

The reason for considering nontrivial characters in one case but not the other
is explained below.

As the two half-spin representations are related by a symmetry of the Dynkin
diagram, what one can prove about one L function follows for the other, and
so it is customary in the field to refer to either of these L functions as “the”
Spin L function. In this paper we have to be a bit more careful because one of
our integrals yields the product of the two half-spin L functions, and while the
distinction between one and the other may be safely blurred, the distinction
between one of each and two of the same may not.

There are several other known constructions of Spin L functions associated to
representations on even orthogonal groups, along the lines of those in this paper.
The constructions of Ginzburg in [G] give the same Spin L functions we obtain
here by themselves, rather than in a product. In [G-H1] a threefold product was
obtained, of the Standard L function and two copies of the same half-spin, each
with a different complex-variable argument. A close cousin of this construction
was discovered by Wee Teck Gan and studied in [Ga-H]. It is defined on a quasi-
split adjoint group of type D,4. In the split case it gives the product of the three
L functions associated to the three 8 dimensional representations of Sping(C)
i.e., the standard and the two half-spins once each. When G is not split, “G is
more complicated and its action on this 24 dimensional space has one or two
irreducible components. The same construction gives the L function, or product
of two associated to this action. Finally, in [G-H2] a construction is given for
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the L function associated to an automorphic form on the group GSO1¢ x PG Lo,
with the representation of “G, which in that case is GSpinio(C) x SLa(C) being
the 32 dimensional tensor product of the Spin representation of GSpinio(C) and
the standard representation of SL2(C).

Please note that, with the exception of the case in [Ga-H] when the 24 di-
mensional representation of “G is irreducible, all of these L functions have also
been studied via the Langlands—Shahidi method [Sh]. In addition, there is also
a Spin L function associated to automorphic forms on symplectic groups, which
has been studied more extensively. Rather than attempt an independent sur-
vey we refer the reader to those of Professor Bump [Bul, Bu2], in particular
Section 13 of [Bu2]. In the theory of automorphic forms on symplectic groups,
one encounters a mixture of papers written in “general G” language and pa-
pers written in the classical language of Siegel modular forms. The paper of
Asgari and Schmidt explains the relationships clearly. Note that if IT (defined
on GSOa,) is a weak functorial lift of 7 (defined on GSpa,—2) associated to the
embedding Sping,—1(C) < Sping,(C) then the two partial Spin L functions
of II agree with one another and with the partial Spin L function of .

Next we address the question of whether our integrals here might have ap-
plications, relating periods, poles of L functions, and functorial liftings, along
the lines of [G-R-S], [G-H1] and [G-H2]. As applied to our GSOyy integral, this
question may be easily answered in the negative: it is proved in [G] that the L
functions we obtain in that case are always entire (even without the restriction
on central character). For GSO12, on the other hand, what Ginzburg proves
is that L(s, 7 ® x, Spin) can have a simple pole when w,x? is nontrivial and
quadratic. This is the reason why we allow nontrivial characters in one case and
not the other: for the GSO;q case it is a harmless restriction which simplifies
the notation somewhat, while in the GSO15 case it omits the most interesting
cases from consideration. A possible explanation for this phenomenon arises
naturally in connection to the question we consider here. We remark on the
structure of the proofs in [G-H1] and [G-H2]. In each case we relate three things:

(1) A partial L function or some partial L functions having poles.

(2) The cuspidal representations that appear in them being lifts associated
with the inclusion of the stabilizer of a generic point.

(3) Nonvanishing of a period.
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This motivates the investigation of the stabilizer of a generic point in the Spin
representation of GSpini2(C). Most of the work is done by Igusa [I] who de-
scribes the orbits for the action of Spini2(C) and shows that the stabilizer
of a generic point is isomorphic to SLg(C). One may easily check that in
G Spin there is a second connected component; the stabilizer of a generic point
is isomorphic to SLg(C) x {£1}. Also, the stabilizer of a generic point in the
standard representation is GSping1(C) and the intersection of these two groups
is SL5(C) x {£1}. Note that SL,(C) x {£1} is essentially the L group of a
quasi-split unitary group. On the L-group side we have the diagram of inclu-

sions:

SL5(C) x {£1} —2— SLg(C) x {x1}

» N N

Gsznu(C) L GSp’NLlQ(C)

which indicates which liftings we need to consider. Our integral is best suited to
studying the lifting associated with the composite inclusion, but might also be
used on the right-hand arrow, the bottom arrow having been handled already
in [G-R-S].

In the proofs in [G-H1] and [G-H2|, the flow is (2) = (1) = (3) = (2).
The integral representation is a tool for proving the implication (1) = (3).
Indeed, obtaining the nonvanishing of a period from the integral representation
is immediate, at least if we allow a very vague notion of “period,” as seems
appropriate. However, one will want to identify a period for which (3) = (2)
is true. To do this, one needs some sort of analytic “handle” on the lifting,
e.g. by the theta correspondence. One will then want to prove (1) = (3) for
this same period. At present the author is unaware of any such handle on the
liftings associated with the vertical arrows in (1).

For the implication (2) = (1) we restrict a representation of the L group to
a stabilizer. One of the components is the trivial representation corresponding
to the stabilized point. We need to know that the L functions attached to the
other components of this restriction do not vanish.

Motivated by this, we record the decompositions of the various restrictions.
Both semidirect products have a one-dimensional trivial representation which
we denote by 1 and a nontrivial one-dimensional representation with kernel
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equal to the identity component, which we denote by . The remaining rep-
resentations arising here may be described by giving their restrictions to the
identity component: there is only one way for —1 to act. We denote the stan-
dard representation of SL,(C) by V.

Restricting St to SLe(C) x {£1} yields Vs @ V5", which is irreducible. When
we restrict further to SL5(C) x {£1}, we get 1 ® e @ (V5 & V&*). We insert
parentheses because (V5 @ Vi) is a single irreducible representation of the
semidirect product. Similarly, when Spin is restricted to SLg(C) x {£1}, we
get 1de® (A’ Vs ® A* Vi), and restricting further to SLs(C) x {£1}, we get
1eca (N Vo N V) e (e V7).

Now let us describe the notation used in the paper and give the precise
statement of the main theorem. We consider the group G = GSO,,, generated
by matrices preserving the bilinear form given by the matrix J with ones on the
diagonal running from upper right to lower left, together with matrices of the
form diag(\,, I,). This is a split form of GSOz,. The set of diagonal matrices
in this group is a maximal torus, which we denote by T' and the set of upper
triangular matrices in this group is a Borel subgroup B = TU. We define the
notation, e; ; = €;; — €ant1-i2n+1-j, Where e; ; is the matrix with a one in
the 4,7 entry and zeros elsewhere. For each root «, for the action of T' on G,
the one dimensional unipotent subgroup on which T acts by « is the image
of the homomorphism z,(r) = z;;(r) = I + re; ,
this subgroup by X, or by X; ; as convenient. We number the simple positive

for some 7,j. We denote

roots determined by our choice of Borel aq,...,a, so that X,, = X; ;41 for
t=1,...,n—1, and X,, = X5,—1,n+1. We identify the Weyl group with the
group of permutation matrices that are in G, and for ¢ = 1,. .., n, let w[i] denote
the simple reflection corresponding to the root «;. We shall write w[i1is . .. ;]
for wli]wliz] ... wli,]. Let M(i1,...,i;) denote the standard Levi containing
the subgroups X,,, for ¢ = i1,..., i, and let P(i1,... i) denote the standard
parabolic of which it is a Levi subgroup.

Let Z denote the center of G. Let P = P(1,2,...,n — 1) and when n > 4,
let @ = P(1,2,4,...,n). Let m denote an irreducible cuspidal representation
of G(A), and ¢ a vector in the space of m. We consider two integrals, which
correspond to the cases n = 5 and n = 6. When n = 5, we assume that the
central character w, of 7 is trivial, while when n = 6 we do not. When n = 5,
we let Eg(g,s1) denote the Eisenstein series on G(A) associated to the induced
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representation I ndggigég, and Ep(g,s2) the one associated to the induced

representation [ ndggigéff. We consider the integral

(2) / 2(9)Eq(g, 51)Ep (g, 2)dg.
Z(A)G(F)\G(A)

When n = 6, the integral is much the same except that we allow 7 to have
nontrivial central character, and allow nontrivial characters in the Eisenstein
series as well. It has the form

(3) / ©(9)Eq (9, x1)EPr (9, x2)Xx3(X(9))dg,
Z(A)G(F)\G(A)

where A is the rational character of G giving the similitude factor, and x} are
quasicharacters chosen so that the integrand is Z(A)-invariant. See Section 4
for precise notation.

As a final piece of notation, we will need to fix a character of F\ A, which we
will denote by . We then define a character, also denoted by v, of the group
Uby (u) =(ui2+ -+ Un—1,n + Un—1,n+1). We let W, denote the image
of ¢ in the (U, )-Whittaker model of 7. Our integral will be zero unless W, is
nonzero, SO we assume 7 is generic.

The L-group of GSOs,, is GSpinsg,(C). For n = 5 we assume the central
character is trivial and hence may work with Spinio(C) instead. We let Spin~
and SpinT denote the 16 dimensional representations of this group whose high-
est weights are the fourth and fifth fundamental weights, respectively. When
n = 6, we specify a representation of GSpini2(C) by describing the action of
Spini2(C) and the scalars. Specifically, we let St be the 12 dimensional rep-
resentation where Spinio acts by the standard representation and scalars act
trivially. We let Spin denote the representation where Spini2(C) acts by the
representation associated to the fifth fundamental weight and scalars act by
multiplication.

Our main theorem is then as follows,

THEOREM: When n = 5, (resp., 6) the integral (2) (resp., (3)) unfolds to give
an Fulerian integral involving the Whittaker function W,. When n = 5, the
contribution from the unramified places is the quotient of

L(3s1 — 28,7, Spin~)L® (351 + 259 — 2,m, Spin™)
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by the product of the normalizing factors of the two Eisenstein series, and when
n = 6 it is the quotient of

L%(5sy — 2,m ® 2, St)L%(4s1 — 3/2, 7 ® X1, Spin)

by the product of the normalizing factors of the two Eisenstein series.

Here the term normalizing factor is used as follows: the poles of an Eisen-
stein series are determined by the constant term, which is given in terms of
intertwining operators which factor over the places. At an unramified place
this intertwining operator takes the normalized spherical vector to a multiple
of the normalized spherical vector, with the multiplier being given by a ratio
of products of local zeta functions. Taking the product over all the unramified
places we obtain a ratio of products of partial zeta functions. The normalizing
factor is the product appearing in the denominator.

We now describe the format of the paper. Sections 2 and 3 are devoted to
the case n = 5, with Section 2 being the unfolding and Section 3 being the
unramified computation. Similarly, Sections 4 and 5 are the unfolding and
unramified computation in the case n = 6 respectively.

The author would like to express his deep gratitude to David Ginzburg, who
suggested the integrals, communicated the unfolding for the GSO1g case, and
provided invaluable help and advice at many times throughout the course of
the work. He also wishes to thank Christian Krattenthaler for pointing out the
work of Okada and thus greatly ameliorating the material in Section 3, and to
thank the referee for helpful suggestions. This research was completed while the
author was at Penn State University and the Tata Institute for Fundamental
Research. He would like to thank these institutions for the excellent working

environment.

2. The GSO;¢ Integral

The unfolding in this case was communicated by Ginzburg. Any mistakes are

the author’s own. For g € G(A), fo.s € Indggig o and fps, € Indggigé}?
we define
(4)

154 (9) = /A4 JQus: (W[3254) 03 (r1 )45 (r2) w46 (13) w27 (ra)g) ¥~ (r1 412+ 73)dr;
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and

(5) fha(9):=

[ e (wl532143)012(0) 000 () aralls), s 1) () oasa)g) o (L)l
A6
The main result of this section is the following

THEOREM 2.1: For Re(s;) large, we have

(6) / (@) Eo(g, 51)Ep(g, s:)dg =
Z(A)G(F)\G(A)

/ W) 5., (9)h o (0)ds
Z(A)U(A\G(A)
Proof. We unfold the two Eisenstein series and obtain

©(9) fs: (wg) fs, (9)dg.

weQ\G/P /(P(melQ(F)w)\G(A)

By the Bruhat decomposition, every double coset in Q\G/ P contains an element
of the Weyl group of G. The Weyl group of G may be identified with the
set of permutations with sign 1 such that w(1l — i) = 11 — w(i) for all i.
From the block structure of P and ) we see that there are four elements of
Q\G/P corresponding to the four possible values of #{i : i < 5,w(i) < 3}.
For each double coset we choose the shortest element of the Weyl group in
that coset as a representative. Then the unipotent radical of P(2,3,4,5) is
contained in (P(F) N w tQ(F)w) for every coset but one. By cuspidality, all
those integrals vanish. Our representative for the remaining coset is wy =
w[321532435]. The group (P(F) Nwy 'Q(F)wo) consists of M(1,3,4) and the
7 dimensional unipotent group containing X;; for ¢ = 1,2,j = 3,4,5, as well

s (1,9). We make the change of variables g +— w[534]g. The effect on the
domain of integration is to conjugate the “denominator” (P(F) Nwy 'Q(F)wp)
by w[435]. The group M (1, 3,4) maps to M (1, 3,5) and the unipotent subgroup
now contains X;; fori =1,2,5=5,7,8,9.

Next we perform a Fourier expansion of ¢ along the three dimensional unipo-
tent subgroup X35X45X47. Together with the unipotent subgroup we already
have, this forms U(1,2,3,5), hence the term corresponding to the trivial char-
acter vanishes. The action of M (1,3,5) by conjugation permutes the remaining
terms transitively. We choose as a representative 11 (u) = 1¥(u4s5), which may
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also be viewed as a character of U(1,2,3,5). The stabilizer of ¢ contains the
two dimensional unipotent group X34 X3 and a subgroup M; of M(1,5) iso-
morphic to GL; x GLy X GLs. Thus, (2) is equal to

(7) o (w2g) fo, (w1g) ¥ (g)dg,

/Z(A)NI(A)IVII(F)\G(A)

where Uy = U(1,2,3,5)X34X36, and Ny is the product of X34X36 and the seven
dimensional unipotent group above.

Next, we make the change of variables g — w[21]g. When N is conjugated by
w[12], X34X36 is sent to to X14X16. We expand along X712 X15. The nontrivial
characters are permuted transitively by the action of M; on this group, while
the trivial character contributes zero by cuspidality. We take the character
212(r1)z13(r2) — ¥(r1) as a representative. The stabilizer contains Xs3, and a
reductive part My isomorphic to GL% X GLs. We then expand along Xo4Xog,
choosing this time o4 (r1)xo6(r2) — 1(r1) as our representative for the nontriv-
ial orbit. The stabilizer contains X46. Factoring the integration over Xo3X4yg,
we have shown that (7) is equal to

(8) f51 (U}Qg)fsz (wlg)ch37w3 (g)dga

/Z(A)N3(A)M3(F)\G(A)

where N3 = Xo3X46X14X16w[12]Nyw[21], Us is the unipotent subgroup con-
taining all positive root spaces except X34 and Xsg, 3(u) = ¥(u12 + t2q + tas),
and M3 = GL3 is the stabilizer of ¢3 in T

We change variables g — w[34]g. The group w[43]Usw[34] consists of X54 and
the group V; which is the product of every positive root space except (4, 5), (4, 6)
and (3,5). If ¢¥s(u)bs(w[34]uw[43]) for u = vass(r) € w[d3|Usw(34] ¥4(v) =
Ga(u) = lura + uzs + uza). Clearly, pUs¥s (w[34]g) = A0 (g) We
express this as an integral over X54 and one over the group Vj. generated by all
the other root spaces. Then, we expand ¢ along Xss:

&ZF/(F\AP /‘/4(F)\V4(A) (x5 (r)vass (1) g)a(v)y (ar)dvdrdr.

As ¢ is left G(F)-invariant, we may introduce zs4(cr) at the far left. Now
x54()x35(r) = x35(r)xss(ar)xss(a). We conjugate xs4 to the right, and after
suitable changes of variable, we obtain

/ @iV (w54 (r)g)dr.
A
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Where Uy = X35Vy and we extend the character v, trivially. The root space
X4 is in w[43] N3[w34], so we may collapse the integration. We now have

o Fur (0[32549) o (w[534213419)67 (9)dg,
Z(A)N5(A)M4(F)\G(A)

where Ny is obtained by deleting the root space Xs4 from w[43|N3w[34], Us is
the product of all the positive root spaces except X5 and X6, and My is the
stabilizer of ¢4 in T. We observe that w[5342134] = w[2532143]. The leading
two can be deleted as fs, is P(F)- invariant. Finally, we expand along X45 and
X6, and then factor the unipotent integration N4\U, to obtain the right-hand
side of (6). W

3. The Unramified Computation for GSO1g

We now consider the local unramified integral which results from (9). In this
section F’ will denote a non-archimedean local field, 7 an unramified irreducible
representation of G(F'), with trivial central character, and fgsl and fﬁ,SZ will
denote the local analogues of the global functionals defined above. Also, in
this section we work exclusively with F' points of our various algebraic groups
(G,T, Z, etc.) and hence may suppress the “(F)” from the notation.

The integral we consider is

(10) /Z o DI 0T 0o

The main result of this section is

PROPOSITION: For all unramified data and Re(s;) sufficiently large, the integral
(10) is equal to
L(3s1 — 2sg,m, Spin~)L(3s1 + 255 — 2,7, Spin™)
((651)¢ (651 — 1)2¢(651 — 2)¢ (1251 — 4)((852)¢ (852 — 2)

The denominator here matches the product of the normalizing factors of the

two Eisenstein series exactly.

Proof. By the Iwasawa decomposition, (10) equals

(11) We(6)f5.s, () fF.s, ()85 (t)dt.
Z\T
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We now compute fgSl (t), which is defined by
(12)

fQ o ( / f0.5, (w[3254]293 (r1 ) 245 (r9) 246 (13) w27 (ra) )™ (r1 + 1o +13)dr;.

The integration in r4 gives an intertwining operator from [ ndgég to I ndg X5y
where

. e |t
Xs, (diag(ty, to, ts, ta, ts, tg, ... )) = |t26363¢5 31533 t—3

Let f;ﬂ denote the normalized spherical vector in this latter space. Then by a
well-known calculation we get

(13)  f5,,(t) =
((6s1 — 1)
¢(6s1) F3

Each of the roots as, ay, as defines an embedding of SLs into G. As no two

fosl (w[254]ac23 (7‘1)1)45 (7‘2).1‘4(3 (Tg)t)’lb_l(Tl +ro + Tg)d’l“i.

of these roots are connected, the images of SLy commute. Put differently, we
obtain an embedding of SL3 into G. The integration in the remaining three
variables essentially gives Whittaker functionals on our three SLs’s.

More explicitly, beginning from (13) we conjugate ¢ to the right, and make a
change of variables in the r;. We now need to evaluate the integral

/ f;ﬂ (w[245]x23(r1)x45(7“2)x46 (Tg))w_l (t—27“1 + —7ro + i—47“3)d7“i.
F3 3

We split the integration in r3 into an integral over the ring of integers o and
one over F' — 0. The first contributes

'
fy. (w[24]2as(r1)245(r2))Y0 ™ (—27“1 + —7“2 d7‘1d7“2/111 —7‘3 drsa
F?2 L t3

while the second gives

t
/ / w[24]w93 (71 )45 (19) a6 (13 1 )is (13 1))1/} (—2r1+—r2+—r3)dr“
2 ls ts l6
where 025(7’3_1) = diag(1,1,1, 7'3_1, 7'3_1,7’3,7"3, 1,1,1). This, in turn, is equal to
o t
fx., (W[24]za3(r1)2as (r2)) ™ (t—27“1 + —7“2)d7“1d7“2
2 3 is

; t
X / |T3|651_1’(/)_1 (—57“3)d7“3.
F—o t7
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The other variables behave similarly. Since

_ a1 /e (651 —2) 651-2 68y
/ow l(de/po In e = C(631—1)<17|T| T o).

overall we get
<(651 — 2)3 (1 _ t_2
((651)¢(6s1 — 1) t3

t
x(l— A
tg

6s1—2

681—2(176514’2) (1 _ t_4
ls

q76sl+2)

65172 X _ _ _ . _ _ _
q_6&1+2) |t?tgt4 6755 Bts 3|&1 |t§t3 1tit5 Qﬁs 2|-

The computation of f 5752 is similar. In this case, the integrals in [3 to lg give
intertwining operators, and the integrals in [; and [y give Whittaker functionals
on embedded SLs’s. The outcome is

2 Sy —
Pl =S8 (| )
o2 C(SSQ)C(SSQ — 2) to
ta|8s2—4 ) .
< (1- i’ g e R g .

Also 8.6.44.2
t1t2t3t4

oB(t) = 10710

5 U6

Let 7; = t;/t;41,4 = 1 to 4 and 75 = t4/ts. Then the variables 7; define coordi-
nates on Z\T. Let K, (t) = Wy (t)05(t)~'/2. Then we have shown that (11) is

equal to

C(651 —2)3¢(8s2 — 4)?

(4 ((651)¢ (651 — 1)2((852)¢(8s2 — 2) S\ K (t)n(t)dt,
where
n(t) = (1- |Tip|651_2)

i=2,4,5
% H (1 _ |Tip|852_4)|7_1 |681—4S‘2 |7_2|631—2|7_3|12s1—432—2|7_4|3s1—232 |7_5|331+232—2-
i=1,3
Next, we use the Casselman-Shalika formula. Let n; denote the valuation of
7i, so that |7;| = ¢~™. Then the Casselman-Shalika formula states first that
K. (t) is zero if any of the n; is negative, and that if they are all positive,
then it is equal to the trace of the irreducible representation of Spinio(C) with
highest weight )", n;w;, where w; is the ith fundamental weight, evaluated at
the semisimple conjugacy class associated to the local unramified representation
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7. Finally, we let © = ¢ 35111,y = g=2%2+1, Putting all of this together, we find
that the integral in (14) is equal to

Z (nla n2,N3, Ny, n5) H (1 - x2(ni+1))
ni=0 i=2.4,5
% H (1 . y4(ni+1))l,2n1+2n2+4n3+n4+n5y—2n1—2n3—7z4+n5.
i=1,3
It follows from the result of Brion (see [Br] and also [G] p. 781) that

L(3s1+2s—2,m,Spin®) = Y (m4,0,0,0,mz)(wy)>™ ™
m17m5:0

oo

L(3s1 — 289, m,Spin") = Y (k1,0,0,kq,0)(xy )1 Hhe,
K1,ka=0
The proposition is now reduced to the identity
(15)
o]
1— l,2(n.;+1) 1— y4(n-;+1) ) )
—2n1—2n3—n4+ns
Z(nl,ng,ng,n%ng,). H 1_1‘2 H 1_y4 Y ni1—2n3—n4s+n
n;=0 1=2,4,5 i=1,3
=(1—2?)(1 —z)
o0
XY (m1,0,0,0,m5)(k1, 0,0, kg, 0)2m et 2 thay 2matms =2k ks
mi,ki:()

The method of proof is as in [G-H2|. Let
P(u) = (1 —u®) + (u® — v?)(1,0,0,0,0) + «*(0,0,0,1,0) — «*(0,0,0,0,1),
P'(u) = (1 —u®) + (u® —u*)(1,0,0,0,0) +u*(0,0,0,0,1) — u°(0,0,0,1,0).
Then

P(zy)L(3s1 + 252 — 2,7, Spin™) = Y _(0,0,0,0,m)(zy)™
m=0

P'(xy~')L(3s1 — 289, 7, Spin~) = Z(0,0,0,kz,O)(my‘l)k.
k=0

We multiply the left hand side of (15) by P/(zy~!). &

LEMMA: The outcome is

o 1— l.2(n5+1)
(16) Z(nlan25n3an4an5) 1 —ZL‘Q

n,-,:O

1.2711 +2n2+4n3+ns+ns y2n1 +2n3—ns+ns
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Proof of Lemma: We denote the weight ZZ n;w; by n. Let

l1(n) = 2n1 + 2ng + 4ns + ng + ns,
EQ(E) =2n71 + 2n3 — ng + ns.
Let
ha(,y) = 2y TT (1 =y 2 0t)) T (1 =22t
i=1,3 i=2,4,5

which, up to a factor of (1—2%)3(1—y~%)2, is the coefficient of (n1,na, n3, N4, ns)
n (15), for n; > 0. Also, if any of the n; is —1, then h,(z,y) = 0. It follows
that the coefficient of (n1,na,ns, ng,ns) in

o0

P'(zy™) Z (n1,n2,n3, 14, 15)hn (T, y)

Uz =0
is

(1= 2%y 5 )hn(@,y) + @0y —2%y) Y how(z,y)
wel

+$3y_3 Z hﬂfy(:r,y) *355?J_5 Z hﬂ*ﬂ(xvy);

wel's wely

where I'; denotes the set of weights of the representation with highest weight

T;. Let

Hw — x—él(w)y—&(y)(l _ Y1y4“’1_4)(1 _ X2$2_2w2)(1 _ Yg,y4w3_4)
x (1 — Xya?72wa) (1 — Xpa?2vs).

Then the lemma is equivalent to the identity

(1—a® *)Ho+ (2% C =2’y ™) Y Hy+ay* Y Hy—a®y™® Y Hy

wel wel's wel'y
= (1—®)2(1 —yH%(1 — (1 — X52?).

This is just an identity of polynomials (with y~! being one of the variables),
and may be verified by the computer algebra system of your choice. |

Now we multiply (16) by P(zy).
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LEMMA:
(17)
St 1— x2(n5+1) 4
P(:ry) § (nl; na, N3, N4, n5) - : p2nit2ne+ n3+n4+n5y2n1+2n37n4+n5
-

TLq‘,:O
X Z (07n2’0’n47n5)z2n2+n4+n5y7n4+n5.
nz,n4,n5=0
Proof of Lemma: Let hi, (z,y) = a1 (@yf2)(1 — g2(ns+1)),
The coefficient of (n1,n2,n3,n4,n5) on the left hand side of (17) is
(1— zsyg)h'ﬂ + (%% — 2%9?) Z h'ﬂ,ﬂ + 233 Z h'ﬂfﬂ —z5y° Z h'ﬂfy,
wely wely wely
where
I ={wel;:w <n;i<4}.
(Note that |w;| < 1 for all 4, and all w under consideration. It is not neces-
sary to exclude the terms with ws > ms from our sum, because these terms
vanish anyway.) We must show that this sum is 0 if n; or ng is nonzero, and
(1 — 22)ztr @ yt2(1) otherwise.
Let
H'ﬂ(x,y,Xs) _ x—él(w)y—fz(ﬂ)(l _ X5:r2_2“’5),

so that

hlﬂ*y(‘r’ y) = xel(ﬂ)y&(ﬂ)Hly(‘ra Y, :62715).
For each o € {0,1}* we define

I'f={wel;:0,=1w;, =1}.
Let
Q°=(1- xsyS)Hé—i— (25¢° — 2y?) Z H,, + 33 Z H,, — x5y’ Z H,,.
wel'y wel'g welg
Then lengthy but straightforward computation shows that
1—2? o =(0,0,0,0),(1,0,1,0)
Q% (z,y,X5) =< —1+2% o0=(1,0,0,0),(0,0,1,0)

0 otherwise.

The result follows.
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Equation (15) is now reduced to

(18) (1-a)~" Z (0,7m2,0, 1y, ng )22 Tratns, —nitns

no,na,n5=0

= Y (0,0,0,k4,0)(0,0,0,0,mg)zkstmsykatms,

m57k4:O
This, in turn, follows from the identity

(070507k470)(0ﬂ070507m5) = Z (O,G,O,b, C)'

a,b,ciatmin(b,c) <min(ky,ms)
b—c=ky—ms5

which is due to Okada [O]. See also [K]. W

4. The Global Integral for GSO;5

In this integral, we will allow nontrivial characters. Observe that now the Satake
parameters may not be in Spini2(C) C GSpinia(C).
We define a rational character d3 of Mg by

ds (gh ) =detg.
Here * is defined by the condition that this matrix is in GSO12. Let P denote
the Siegel parabolic. We define a rational character dg of Mp by

d6 (91 gz) = detgl.

Then the lattice of rational characters of @ (resp., P) is generated by ds (resp.,
dg) and the similitude factor A, which is a rational character of GSO12. We fix
two characters x; and x2 of F\A, and let s; and sy be complex variables. We
define three quasicharacter- valued variables depending on this data:

Xa(r) =|r[¥ X (r)wn (r)
Xa(r) =[r[>*2x2(r)
X5(r) =[r| 2o () P () w2 ().
Then we consider two Eisenstein series:
Eo(g,x1), associated with Indggig (X} o ds),

and

Ep(g,x5), associated with Indggig (x5 o dg).
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We let fy. and f,, denote the vectors in these induced spaces, respectively. The
integral we consider is

(19) ©(9)Eq(g, x1)Epr (g, x5)x3(M(g))dg.

/Z(A)G(F)\G(A)

(Observe that the integrand is indeed Z(A)- invariant.)
Let

(20) [P (9) =
/A7 fX/l (’LU[3423156]ZL'12(7’1)1‘14(7"2)1‘18 (7’3)1‘34(7"4)1‘38 (7’5)1‘56(7"6)1'57(7’7)9)
X Y(ry + 14 + re + r7)dry,

and let

w(9) =
/A8 Fry (0[643524] w21 (11) 213 (l12) w23 (13) 725 (14) 726 (I5) 720 (l6) 745 (I7) w46 (I8) 9)
s (13 + I7)dl.
Then we prove

PROPOSITION: The integral (19) is equal to

(21) W (9) 13 (9) f, (9)x5(A(9))dg.

/Z(A)U(A)\G(A)
Proof. We unfold the two Eisenstein series, and analyze the contributions from
the double cosets Q\G/P. As before, all but one of them contribute zero to the
integral. For the one that does not, we choose as a representative the element
wo = w[346234512346]. We obtain,

(22) ©(9) [t (wog) fy, (9)x3(A(g))dg,

/Z(A)MO(F)NO(F)\G(A)
where My = M (1,2,4,5) and

I ¢ Cs
I
Ny = " :C1,C5 € Matsxs p
I C; *

1
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and C7 is defined by the condition that this matrix is in G, which also puts
conditions on Cs.

Next, we conjugate by w; = w[546]. This takes My to M (1,2,4,6), and Ny
to the product of the groups X;;, where i <3 and j =6 or j > 8.

Next, we expand ¢ along X46X45X56. The term corresponding to the trivial
character is the constant term of ¢ along P(1,2,3,4,6), hence it contributes
zero. The group M (4,6) permutes the remaining characters transitively. We
choose as a representative the character ¢)(usg). Its stabilizer contains X5 X47.
We factor the integration over this group, obtaining

(23) / ©(9)" " frr (wowy " g) fr, (w7 9)x5(A(9))dg,
Z(A)My(F)N1(F)\G(A)

where Ny = X45X47w1N0wf1, U, = X45X47Up(172’374,6), the character Yy,

is given by 9y, (u) = ¥(use), and My = GL3 x GL1 x GLs is a subgroup of

M(1,2,6) given by a relation between the similitude factor and the determinant

of the GL, component.

Next, we conjugate by wy = w[123]. This takes M (1,2,6) to M(2,3,6), and
U to X1,5X177Up(172,374,6). We then expand ¢ along X12X73X14. The con-
stant term contains integration corresponding to the constant term of ¢ along
P(2,3,4,5,6), and the remaining terms are permuted transitively by nglwgl.
We choose as a representative 1)(u) = ¥ (u12). The stabilizer contains Xo3Xoay.
We factor the integration over this group, and obtain
(24)

p(9)72v2 [y (wowy Mwy t g) f (wy wy Tg)xX5(M(9))dg,

Z(A)M3(F)N2(F)\G(A)
where Uy = X23X24Up(2,3,4,5), Yu,(u) = Y(ui2 + use), Mz is a subgroup of
M (3,6) isomorphic to GL1 X GLy X GLa, and N3 is the product of the groups
Xi; for the following pairs (7,7) : (1,5),(1,7),(1,9),(1,10),(1,11),(2,3),(2,4),
and2<i<4,j=60r8<;j<12—1i.

Next, we expand ¢ along Xo5X57. The constant term contributes zero by
cuspidality. The other characters are permuted transitively by the copy of GLs
containing X57, and the stabilizer of the character ¥ (u) = 1 (uss5) contains Xs7.
We factor the integration over this group, and obtain
(25)

p(9)7¥0 [ (wowy  wy ' g) fr (wy wy  g)xX5(M(9))dg,
Z(A)Ms (F)N3(F)\G(A)
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where Uz = X57Up(s4,6), Yus(u) = ¥(u12 + uzs + use), M3 is a subgroup of
M (3) isomorphic to GLy x GL1, and N3 = X5 7N>.
The next step is to prove the identity

(26) 7ra(g)

:/ / / (232 (t1) w54 (t2) w35 (t3)u 213 (11 )23 (r2) 246 (r3)9)
Us(F)\U3(A) J(F\A)? JA3
X ’l/)U3 (u’)dridtidu’,

where Uj is the group generated by all the one parameter subgroups X;; con-
tained in Us, except X13, Xa3, and X446, and we treat 1y, as a character of U}
by restriction. This is done via arguments completely analogous to those before
(9) in Section 2.

Plugging (26) into (25), and making a change of variables in g, we obtain
(27)

/ (/ / (p(l‘32 (t1)x54(tg)x35(t3)u'g)du'dti
Z(A)Ms(F)N5(F)\G(A) \Y(F\A)? JUZ(F)\U;z(A)

X /A Iy, (wowflwglxlg(rl)g)fxé (wflwg_lzw(ﬁ)g)dﬁ) x5(A(9))dy,

where N3 = X3 X4 N5. (It is, perhaps, worth noting that X33 X35 X54U} is not
a group.)

We conjugate by ws = w[1254], which takes X32 to X13, X35 to X14, X54 to
X6, and U4 to the subgroup of U consisting of the product of all X;; except
(4,7) = (1,2);(1,3);(1,4);(1,6); (1,8);(4,6);(5,6);(5,7). It also takes M3 to
a group containing a copy of GLy embedded so that the image of (17) is
x16(r). Note that Xs; = Xgs. We expand on X;8Xgs. The trivial character
contributes zero, the remaining characters are permuted by our GLsy, and the
stabilizer of ¥ (us7) contains X15. We factor this integration. We also note that
wowflwglxm(rl)wgwlwal C Q. We get

e [ 90 g w0y g )
Z(A)M4(F)N4(F)\G(A)

X /A Ix, (wy twy Mz (r)ws 't g)drixs (Mg))dg,

where Uy is the subset of U containing all the X;; except (4, j) = (1,2) and (5, 6),
My = {diag(a, ba ba ba ba c, ba ¢ccc, a_lbc)}v "/)U4 (u) = 7/’(”23 + u34 + g5 + U57)7
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and Ny is the product of the X;; for the following (i,5): ¢ = 1 or 3, j > 5,
except 8;i=2or 4, j=17,8, and (2,4) and 2, 10.

Finally, we expand ¢ on Xjs and Xs¢, and factor the integration over
N4(A)\U(A). Plugging in

wowy fwy twy = w([43423156],
and
wy twy twy ! = w[13643524],

as well as w3r13(r1)ws " = 91 (r1), yields (21). |

5. The Unramified Calculation for GSO;5

We now consider the local unramified integral which results from (21). In this
section F’ will denote a non-archimedean local field, 7 an unramified irreducible
representation of G(F'), with trivial central character, and ff/l and f)é will
denote the local analogues of the global functionals defined above. As in Section
2.1, we suppress the “(F')” from the notation. The integral we consider is

(29) | Warh @) £ 00 @)
ZU\G

The main result of this section is
PROPOSITION: The integral (29) is equal to

L(5s9 — 2,7 ® x2,5t)L(4s1 — %, T ® X1, 5pin)

(30) Ns)

N(s) =L(8s1, Xjwr)L(8s1 — 1, Xjwx)L(8s1 — 2, xjwx)*L(16s1 — 6, x1w2)
x L(10s2, x2)L(10s5 — 2, x2)L(10s5 — 4, x3).

Once again, the denominator matches the product of the normalizing factors
of the FEisenstein series exactly.

Proof. As before, we invoke the Iwasawa decompostion and compute fﬁ and
f)’;“é. We omit many details, but remark that the addition of characters does
not make matters more complicated: since we assume all data is unramified,
we may define u;,i = 1,2 so that xi(r) = |r[*. The only new wrinkle is the
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handling of the variables I; and [l in the definition of f )’;“,2, which is as follows:

f)f/z (t) is equal to

/Fg fX/2 (’LU[643524].Z‘21([1)£L‘23 (l3)1‘25 (l4)l‘26 (Z5)l‘29(l6)l'45(l7)l‘46 (lg)t)

W(rile + 15 + l7)dr;.

The integration in /; amounts to taking the Fourier transform in this variable.
The function [; — fxé (w[643524]z21(11)h) is easily seen to be L' and L? for
s sufficiently large by plugging in the Iwasawa decomposition of x21(l1) and
noting that the smooth function f,, is bounded on the compact set Kh. The
integration in ls then gives the value of the original function at 0. Other than
this the computation is the same as before. The outcome is

R (t) _ L(Ssl - 3; X%wﬂ')él
T L(8s1, xwn) D851 — 1, x3we) L(8s1 — 2, X3wn)?

(- (@) (-2 () (1= (o)) (- (329))

#t3t3 ‘
tot3t3t3

X} o d3(w[3423156]tw[6513243))

L(10s2 — 4, x3)? 53
L(10s2, x3)L(10s2 — 2, x3) | tst2tdts

()0 ()

Where p is a uniformizer, and we have introduced the notation x4 (r)=x} (r)|r| 2,
and x5 (r) = x5(r)lr|~*.
While our full integrand is Z-invariant, the individual terms that make it up

() = Xh © de(w[643524]t)

are not. So, to be quite explicit, we replace the integral over Z\T with one over
the subgroup of T consisting of elements of the form

t= (7'17'27'37'47'57'677'27'37'47'57'&7'37'47'57'677'47'57'6;7'57'6;7'6;7'57 s )7

which maps isomorphically onto Z\T. We let K, (t) = W, (t)ép(t)~'/2. Then
the above choice of subgroup will be convenient when we to evaluate K (t).
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We also get

53( ) |7_107_2187_247_f87_157_615

ds(w[3423156]tw([6513243)) = To7s 27272,
d (w[643524]tw[425346]) = Ty 75 ToTE,

and A(t) = 7576.
Collecting everything together, we have shown that (29) is equal to

(31)
L(SSl - 37 X%wﬂ')élL(lOSQ - 4) X%)Q
L(8s1, X3wx)L(8s1 — 1, x3wx ) L(8s2 — 2, x3wx)2L(10s2, x3)L(10s2 — 2, x3)

Ko(t) JI @=x{en) [] 0= x5@m)xXi(rersmimems)xs(rimsring)
Z\T i=1,3,5,6 i=2,4

X (7o) [y Ory 0y B g T 2t
The value of K, (t) is given by the Casselman—Shalika [C-S] formula as fol-
lows: for ¢ = 1,...,6, let |7;] = ¢7™, and let w; denote the ith fundamental
weight of Spini2(C). Let (n1,ne,ns,n4,ns,ng) denote the irreducible repre-
sentation of Spini2(C) with highest weight nijw; + -+ + negwe. Let a be an
integer such that a = ns +ng mod 2. Then there is a unique representation of
G Spini2(C) such that Spini2(C) acts by (n1, ne, n3, n4, ns, ng) and every scalar
A acts by A%. We denote this representation by (n1,na2, n3, n4, ns, ng; a). So St =
(1,0,0,0,0,0;0) and Spin = (0,0,0,0,1,0;1). Then for ¢ as above with |r;| =
g~ ", the value of K(t) is equal to the trace of (ny,ng, ng, ng, ns, ne;ns + ng),
evaluated at the semisimple conjugacy class in GSpini2(C) associated to the
representation 7. As before, we abuse notation and refer to this evaluation as
(n1,n2,n3, N4, N5, ng; N5 + ng) also.
Let = = x2(p)g 2212,y = xa(p)g~***+3/2,w = w,(p). Observe that

(32) (n1,n2, 3, 14, 5, 165 @ + 2b) = w’(n1, n2, N3, N4, 15, N6} a).

By the Poincaré identity and work of Brion [Br], we have

(1 — y*w?)L(4s; — 3/2, 7 @ x1, Spin) =

1 _ 2 (l5+1)
D (0,02,0, 04, 5,05 205 + 4ly + C5)yPt2 Tt el “2 )
2,04,05=0 (1= y*w)
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and
o0

(1 —2®)L(5sy — 2,7 @ X2, St) = Z (41,0,0,0,0,0;0)2".
61:0

The stated result is now reduced to the following identity:

(33)
o0
1— (y2w)(n7;+1) 1— 1‘2(71,;-‘,-1)
Z(nl,HQ,n3,n4,n5,n6;n5+n6). H 17y2'LU H 171‘2
n;=0 1=1,3,5,6 1=2,4

n +n3+n6y2n2+2n3+4n4+n5+n6 w2 +n3+2n4
= ) (0,465,004, 05,0525 + 4Ly + £5)(£1,0,0,0,0,0;0)
£1,£2,04,65=0

1 — (yPw)ts

0y, 200+40,4+ 105
x
J 1 — 92w
If the central character of 7 is trivial, this reads
o0
1— y2(ni+1) 1— :L'2(ni+1)
(34) Z(n1;n25n3;n47n57n6)- H 1_y2 H 1_1‘2
n;=0 1=1,3,5,6 1=2,4

p1tns +n6y2n2 +2n3+4ns+ns+ng

0o 1 _ 2(@5+1)
= 3 (02,0, 04,05,0)(£1,0,0,0,0,0)a 1y A T Y
01,62,04,05=0 1-y

1,£2,£4,£L5=

We show first that (34) implies (33). To do this, we replace each of the

rational functions by a sum, e.g.
1 — (yPw)tD) S Wi ks
1—92w - gy
ki=0

We then use (32) to eliminate w entirely obtaining an identity of power series
in z and y alone. Then (33) amounts to a formula for the decomposition of
Sym?(Spin) ® Sym®(St) into irreducibles, and (34) is the same formula for
restrictions to Spini2(C). The only information lost is the action of scalars,
and this is easily recovered: since scalars act trivially on St and by their
first powers on Spin, they will act by their ath powers on every constituent
of Sym®(Spin) ® Sym®(St). This is reflected in the power series as the prop-
erty that when we expand the rational functions and absorb the w’s, then every
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term on both sides has the property that the quantity after the semicolon is
equal to the exponent of y.

Next, we prove (34). To do this we make use of work of Black, King, and
Wybourne [B-K-W]. Note that the relevant results have also been reformu-
lated in the appendix to [Ga-H], so as to make the meaning of the “modifi-
cation rules” (see below) more transparent. In their paper, the representation
(n1,na,n3, ng,ns,ne) is denoted by [v]+ if ns = ne mod 2, and [A;v]+ if not,
where n; = v; —viy1,i =110 5, v = L@J, and the sign + is equal to the
sign of ng —ns. (When ns — ng, we technically don’t have a sign, but may safely
put either. Here, it will be convenient to put “—”.) Thus we must break (34)
into two pieces corresponding to the “tensor” and “spinor” cases. The “tensor”
identity is

- 1 — g2(ith)
(35) Z (7711,77,2,77,3,77,4,77,5777,6)- H 1_7y2
T d 2 i=1,3,5,6
ng=ng mo
2(n1+1 ot st
ni+ns+n n n natns4n
x H Tz Ty 6
1=2,4
3 1—y 2(205+1)
= > (0,£5,0,£4,205,0)(£1,0,0,0,0,0)a"1y> 240+t 7,
01 ,02,04,05= 1— 2
1,£2,%4, 57

while the spinor has ns # ng mod 2 on the left side and 2¢5 + 1 replacing 25
on the right side.
The relevant formula from [B-K-W] is
I x [l = (AnB) - (/)]
LS

In our case, the value of u is given by
(o + Ly + 05)%(Ls + €5)2E2,

while A is the partition with one part ¢;. So ¢ and n must also have one part,
and the B just goes away. We get
Zl Zl —1

SN (=i - 9) - (u)]

1=0 5=0
We next note that

M/] = ZU(& a),

a
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where the sum is over triples a = (a2, a4, ag) of nonnegative integers satisfying
az < la, asg < Ly, ag < {5, az +as + ag = J,
and
o(a,0) =lo + Ly + U5, by — ag + Ly + 5,04 + U5,04 — ag + U5, 5,05 — ag,

and hence that

(6 —i—35) (/) = 7t a,b)

a,b
where the sum is over 10-tuples a,b = (aq, ..., br7) of nonnegative integers sat-
isfying
ag + -+ by =Ly — 1, by < ag, az + bz < fa,
by < ay, ay +bs < Ly, be < ag, ag + by < U5,
and

T(l,a,b) =Ll + Ly + 5+ b1, {lo—ag+by+ly+ 45,

by+0l5+b3, lyi—as+bs+0s5, U5+bs, {l5—ae—+bs,br.

Thus, the original sum is equal to

1 — 22+
Z b — Zak - Zbk;T(f, a,b)| alryPeritarte 12
l,a,b k k _ -y
where the sum is over 14-tuples ({1,...,b7) of nonnegative integers, satisfying

the inequalities above, and the additional condition
61 72&]9 72()]9 Z 0.
k k

Now, we must apply modification rules. As noted on p. 1581 of [B-K-W],
it is necessary to first apply the modification rule for Uz to obtain a pair of
partitions with six or fewer total parts, and then apply the one for SO;2 to
obtain a single partition.

There are four possibilities:

1. If 4 — >, ar — >4 br = by = 0 then no modification is necessary.

2. If 6y =", ar — Y, br = by = 1, then the Us modification rule simply deletes
these two 1’s and introduces a minus sign. (These terms will cancel some of
the terms of the first type.) The result does not need to be modified further.
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3. If 61—, ar—) . br > 0,and by = b = 5—ae = 0, then the Us modification
rule leaves it alone, and the SO;5 rule does not. We go into this in more
detail below, but the main thing here is that this will produce characters of
the form [v]4, not [v]_. Hence there is no cancellation between these, and
the ones coming from the first two.

4. In all other cases, the Us modification rule gives 0.

Equation (35) thus splits further into two parts

00 17y2(ni+1)
(36) Z (nl,ng,ng,n4,n5’n6) H 1_72
=9 i=1,3,5,6 Yy
=ng mod 2
ng>ng
2t +nz+ 2ng+2n3+4ns+ns+
ni+ns+neg, 2n N na+ns+ne
XH 1fz2$13"y2“"4 o
1=2,4
1—y 2(205+1)
= Z 10, 05,0, £4,205,0)(£1,0,0,0,0,0)z"1y 2€2+4€4+2l~17
£,a,b —y
+ 37 ®(0,£5,0,4,205,0)(61,0,0,0,0,0)" JEYAPTRETA S i
s 42, U, 44, 55 15 17y2 ,
£,a,b
and
oo
17y2(n,;+1)
(37) Z (n1,n2,n3, N4, N5, M6) H W
ni=0 i=1,3,5,6
=ng mod 2
np<ng
2(n1+1) ot st Dt et
ni+nz+n n n na+ns+n
X H 22 —————————"TneTRe e 3 4 6
1=2,4
=) ® 00, 200ty 20, L = y? O
=" ©(0,65,0,44,205,0)(£1,0,0,0,0,0)z""y A
-y

£,a,b
where > () denotes summation with the additional conditions given in case i
above. We turn first to (36). In each sum, we make the change of variables
GIQ :a2—b2, aﬁl = a4—b4, a% :a(,‘—bs, EIQ :fg—ag—bz; 262_0/2_()2_()37
216470,47175:6470,271747175, 6/516570,6:6570,%7176.

The conditions previously imposed are equivalent to the requirement that all
of these new variables be nonnegative. We collect the terms corresponding to
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l,a,b such that 7(¢,a,b) = v, where v is given in terms of the n; as above.
Specifically, this amounts to

n1:b1+a’2, n2:b2+£/2, n3:b3+aﬁl,
N5 — Ng
2

n4:b4+€£1, n6:b5+ag, :b6+€/5.

Now,

205 + 404 + 205 = 2045 + 2a5 + 2by + 2bs + 40} + 4a)y + 4by + 4bs + 205 + 2ag + 2bg

= 2ny + 2n3 + 4ng + ns + ng + 2ah + 2al; + 2bs.

In the first sum,
0y = aly+a) + ag+ by +2ba + by +2by + by + 2bg = ny + 13 + ng + 2ba + 2by + 2bg,

while in the second sum, it is equal to this same quantity plus 2. Also, the
first sum is over all a’,b, ¢ satisfying the equalities above, while the second
has the additional condition ¢ > 0. We may express each sum as a sum over
ah, ay, af, ba, by, bg. The shift bg — bg + 1 makes the exponents agree. Taking
the difference, leaves only the terms corresponding to bg = 0. The summation
in af,a}, be, and by is straightforward, and yields

1— l,Q(nngl) 1— x2(n4+1) 1— y2(n1+1) 1— y2(n3+1)
1—a? 1—2a2 1—92 1—y?

The summation in af is

ne | 1_— y2(n57n6+2ag)+1

(ne—ayg
292 et 1— g2

a;=0
ne ne
(1 _ y2)—1( Z y2(n6—ag) _ y2(n5+1) Z yQag)

ag=0 ag=0
1— y2(n5+1) 1— y2(n6+1)
1— 92 1— 92

This completes the proof of (36).

We now turn to (37). We first compute the contribution to (37) corresponding
to a fixed pair {§;7}. Let m; = 7; — 741, for 1 <4 < 4. And let a}, ¢}, =2,4,6
be defined as before The sum over triples ¢, a, b, such that ¢5 —ag = bg = b7 =0
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and {{; — >, ar — Y ,br;7(¢,a,b)} = {57} is equal to the sum over ¢,a,b
subject to the following conditions

ahy+by =my, ly+by=ma, ayj+bs=m3, Lj+by=my, Ll5+bs=r1s,
0y = s+ U5+ ab+al + by +2by + bz +2bs +bs = s+myq +m3z + 75 + 2by + 2by.
Furthermore,

2€2+4€4+€5:2m2+2m3+4m4+47'5+2a'2+2a21—265.

The sums on by, by, afy and af) yield

1— x2(7n2+1) 1— x2(m4+1) 1— y2(7n1+1) 1— y2(7n3+1)

1—x2 1— 2?2 1—y? 1—y2 7
and
s _2(20541) s 5
o 1=y - —20, 5
Zy% L —(1-4?) 1(29%""3/229%)
€5ZO y 55:0 55:0
_ =275 1- y2(T5+1) 2
- y 1 . y2 9

so overall we get

1— $2(m2+1) 1— x2(7n4+1)

(38) l,nbl+m3+7'5+sy2m2+2m3+47n4+27'5

1—2a2 1— 22
y 1— y2(7n1+1) 1— y2(m3+1) 1— y2(7-5+1) 2
1—92 1—192 1—192

There are six pairs {3; 7} such that under the SO;5 modification rule [s;7]- =
+[v]+, where v is associated to n; as above. They are:

{T6; 11,12, v3, 14, V5 }
{vs + 1;v1,v9,v3, 04,06 — 1}
{va + 2501, 09, 03,05 — 1,05 — 1}
{1/3 -+ 3;1/1,1/2,1/4 — 1,1/5 — 1,1/6 — 1}
{l/2+4;l/1,1/3 — 1,1/47 1,1/5 — 1,1/6 — 1}

{l/1+5;l/2*1,1/371,1/471,1/571,1/671}
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The signs + alternate, starting with plus. The corresponding values of m;, 75,
m1 +ms + s, and 2msg + 2ms + 4my + 275 are as follows:

|m |"’5 |m1+m3+75+5 |2m2+2m3+4m4+2‘r5 |
ni,ng,n3, ng % n1 + n3 + ne 2ng +2n3 +4nq + n5 + ng
ni,ng,n3g,ng +ns + 1 De—N5 _ g ni + n3 + ng 2ng 4 2n3 4+ 4ng4 + 3ns + ng + 2

ni,naz,n3 +nqg +1,n5 ﬂ’%nifl ny +ng +2ng4 +ng+2 | 2na +2n3 + 2nyg4 + 3n5 + ng
ni,na +n3+1,nqg,n5 | 28500

—1 ny +nz +2ng +ng + 2 2ng 4+ 2n3 4+ 2n4 + 3ns + ng
ny + 2nz +ng + 2ny

ny +ng + 1,n3,n4,np Lﬁ—l T ng 4+ 4 2n3 4+ 2ng4 4+ 3ns + ng — 2
VA — e ny + 2ng + nz + 2ng
ng,n3, N4, Ny ﬂ’Tnl—l +ng + 4 2n3 4+ 2ng4 4+ 3ns + ng — 2

Now we plug these six sets of values into (38), and introduce the notation
X; = 2™Y; = y™. The identity (37) is reduced to the following equality of
polynomials:
(1 - X32%)(1 - X32%)(1 - Yy (1 - Y5y*) (1 — YsYey?) Y5 Y7
— (1= X30%)(1 = X2X3ah) (1 = Yy (1 - Yiy*) (1 — Y5 Y6 Y2 Y Yy
+ (1 - X32%)(1 - X3a?)(1 - Yy (1 - YY) (1 - Yy 1Ye) 2 XEa? Y5 Y2
— (1= X3X32")(1 - X32?)(1 - Yy (1 - Yiy*) (1 - Y5 1Ye)* X 32 Y2YS
+(1 - X52%) (1 - XZa?)(1 - YPYSy ") (1 - Yioy*) (1 - Yy 1Y) X5 XFat Yy 2
= (1= X32?)(1 - XZ2*)(1 = Y3y (1 = Yiy*) (1 - Yy ' Ye) X3 XYy >
= (1 - X32%)(1 - X2*)(1 - Yy*) (1 - Y5'y*) (1 - Y5'y*) (1 - Yy *) Yo'y 2.
This is not hard to check: if one starts at the bottom and works one’s way up,
then at each stage, the sum only differs from the next term to be added in a

few places. For example, the difference of the last two terms consists of a large
part that is the same in both:

(1= X32)(1 - X32)(1 = Yy (1 - Yy Ye) 2 X5 X3a' Yy 2
times a simple difference:
(1 =Y?Y5y") — (1 - Y5y?) = Yo'y° (1 = Y2P).
We get
(1 - X3 (1 - X32?)(1 - YPy*) (1 - Yiy°) (1 - Yy 'Ye) X3 X 72 Y2Y2,

which now has many terms in common with the third-to-last term, and so on.

The “spinor” case is handled similarly. (Note that the SO;2 modification rule
is different in the “spinor case.”) n
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[A-S]
[B-K-W]
[Br]
[Bul]

[Bu2]

[C-5]

[Ga-H]

[G-H1]

[G-H2]

[G-R-S]
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